We statistically examine the time sequence of directional Brownian motion for a freely movable rigid piston in an infinite cylinder in the presence of a temperature difference. We find that the third cumulant of the displacement for the piston linearly increases with the observation time interval. We identify an effective multiplicative Langevin equation for the piston that can reproduce the cumulants of a long-term displacement up to at least third order. The Langevin equation involves a velocity-dependent friction coefficient that breaks the time-reversibility and acts as a generator of the directionality.
We statistically examine the time sequence of directional Brownian motion for a freely movable rigid piston in an infinite cylinder in the presence of a temperature difference. We find that the third cumulant of the displacement for the piston linearly increases with the observation time interval. We identify an effective multiplicative Langevin equation for the piston that can reproduce the cumulants of a long-term displacement up to at least third order. The Langevin equation involves a velocity-dependent friction coefficient that breaks the time-reversibility and acts as a generator of the directionality. Introduction: Recently, mesoscopic objects have been directly observed, and their fluctuations are often measured regardless of whether the system is in or out of equilibrium. For instance, directional Brownian motion of molecular motors has been intensively investigated in relation to their function [1, 2] . The trajectories of microparticles under solute or temperature gradients generated by the particle itself have also been investigated from the point of view of active matter [3, 4] .
While Brownian motion results from microscopic dynamics for a large number of molecules (of object and solvent), it is often modeled by a Langevin equation that consists of a few degrees of freedom at the mesoscopic scale. The equation is typically written as γẊ = f +R(t), where X and f are the position of the object and a force exerted on the object. A frictional force γẊ and a stochastic force R(t) from the environment in the form of Gaussian white noise are connected by the fluctuationdissipation theorem [5, 6] . While the Langevin equation is validated in equilibrium, it is often applied to nonequilibrium problems. On the basis of the Langevin equation, the energetics of Brownian particles has been developed [7, 8] and applied to the analysis of small systems like molecular motors [9, 10] . Such small systems also become the main driver for developing universal relations valid far from equilibrium [11] .
In equilibrium, the Langevin equation is formulated according to the fluctuation-dissipation theorem considering detailed balance [12] [13] [14] [15] . For instance, in a Rayleigh piston and the Kac-Zwanzig model, the Langevin equation is successfully derived as effective dynamics from the microscopic dynamics of a large number of degrees of freedom [16] [17] [18] . In nonequilibrium without detailed balance, the fluctuation-dissipation theorem may not hold. Therefore, it is not trivial to assume an expression of the effective dynamics in the form of the Langevin equation that satisfies the fluctuation-dissipation theorem. Thus, our aim in this Letter is to show an example of the effective dynamics to reproduce long-term properties for nonequilibrium Brownian motion. For this purpose, we consider a simple model: that is, a massive piston between ideal gases at different temperatures and equal pressure. This model is an extension of the Rayleigh piston [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] . By observing the long-term displacement of the massive piston, we find that its third cumulant increases linearly with the observation time. We identify a multiplicative Langevin equation from numerical experiments, which reproduces the cumulants of the long-term displacement at least up to third order. The effective Langevin equation contains a velocity-dependent friction coefficient, which breaks the time-reversibility and the detailed balance condition.
Setup for the numerical experiment: We consider the experimental setup schematically shown in Fig. 1(a) . A rigid piston of mass M is freely movable in one direction inside an infinite cylinder of cross-sectional area S. Its position and velocity are denoted by X and V , respectively. The piston separates the cylinder into two regions filled with ideal gas particles of mass m ≪ M . The pressure p is equal on both sides, whereas the temperature on the left side, T L , is different from that on the right side, T R . Suppose, without loss of generality, that T L < T R .
Assuming that the particles are in equilibrium before colliding with the piston and that they collide elastically and instantaneously with the piston only once, we model the collisions between the piston and gas particles by random events with a collision rate of λ(v, V ) =
, where v is the velocity of a colliding particle, k B is the Boltz-
is the Maxwell distribution, and θ(·) is the Heaviside step function. The coefficients p/k B T L/R are equivalent to the number densities of the particles. Using the laws of the conservation of energy and momentum, the transition probability per unit time from by
V . Then, noting thatẊ = V , the time evolution of the probability density of X and V at time t, P (X, V, t), is governed by the following master-Boltzmann equation:
Using the Gillespie algorithm [34] , we numerically obtained statistically correct trajectories of the masterBoltzmann equation (1) without any approximations.
Cumulants of the displacement as observables: As is in usual experiments, we perform a time-lapse observation of an interval t for a time series of X numerically produced from (1); see Fig. 1 (b). We are interested in the long-term properties of the directional Brownian motion but not in the instantaneous velocity V as it is not accessible by a time-lapse observation of X. Rather, we concentrate on the displacement of X in the interval t,
The long-term fluctuations of the Brownian motion are fully characterized by cumulants (∆X t )
Here t0-dependence can be ignored in the statistics for steady states. · indicates a sample average and/or an average over t 0 .
These cumulants depend on the observation interval t. For usual Brownian motion, the first or second cumulant is expected to increase linearly with the interval t for sufficiently large t, where the slopes correspond to the mean velocity V st and twice the diffusion constant D for Brownian motion. When the probability density of ∆X t /t satisfies the large deviation property, (∆X t ) focus on the slope of the cumulants and define
where s 1 = V st and s 2 = 2D. We demonstrate that the slope s 3 for the third cumulant can be finite in nonequilibrium Brownian motion. Figure 2 shows a linear increase in the third cumulant as a function of t for the time sequences of X produced by (1). We obtain s 3 = 0 when T L = T R , and
in nonequilibrium is never neglected even in the limit of sparse observation t → ∞. Effective Langevin equation: Hereafter, we focus on whether or not the directional Brownian motion is described by a certain effective model. The third cumulant works as a discriminator to determine the validity of various candidate models of the long-term behavior. For instance, a standard Langevin equation for a particle under a constant force f with a constant friction constant, γẊ = f + √ 2γk B T ξ(t), gives s 3 = 0 for any f ; therefore, it is not appropriate as an effective model. The multiplicative Langevin equation with γ(X) might become a next candidate, but this does not satisfy the translational invariance with respect to X. An underdamped Langevin equation for V =Ẋ, MV = f − γV + √ 2γk B T ξ(t) with the mass M of the object also shows s 3 = 0.
The nonvanishing third cumulant, s 3 = 0, does not imply the absence of the effective model. For the directional Brownian motion generated from (1), we identified the multiplicative Langevin equation that reproduces the cumulants of the long-term displacement up to at least third order. The equation is written as
where the constants γ 0 and γ 1 ∝ T R − T L are determined by the system parameters. T is the kinetic temperature of the piston, and the symbol · denotes the Itô product. ξ is Gaussian white noise with zero mean and unit variance. In Figs. 3, the slope s 3 for the third cumulant of the displacement generated for the effective Langevin equation (4) is plotted in parallel with s 3 for the original Brownian motion produced by (1) . The points of the two figures coincide with each other within the statistical error. The values of s 1 and s 2 are also consistent between (1) and (4), as shown in [36] . Thus, we conclude that the multiplicative Langevin equation (4) can be employed as an effective model for (1) reproducing the long-term statistical properties.
In the present setup (1), we specify in the next paragraphs γ 0 = 2φ
where T , δ and γ(V ) = γ 0 (1 − γ 1 V ) are specified above. [22, 23] . Ignoring the contribution of O(ε 2 ), (6) corresponds to a Langevin equation
which cannot reproduce directional motion and s 1 = 0. Thus, we cannot ignore the O(ε 2 ) terms. Including the contribution of O(ε 2 ), (6) becomes similar to the FokkerPlanck equation but still contains the third derivative term, which implies that the effective dynamics for he directional Brownian motion of (1) is not straightforwardly concluded from the Kramers-Moyal expansion.
Respecting γ(V ) in the second term of (6), suppose (6) is transformed into
via a certain procedure. The expression (8) is consistent with the multiplicative Langevin (4). Although we do not know the procedure to derive (8), we know it is appropriate from the numerical examination shown in Fig. 2 . A Langevin-like equation was derived by the projection operator method, but the statistical properties of the noise were not fully investigated [39] . 
Scaling form of the cumulants: Hereafter, we demonstrate numerically that (4) reproduces s 1 , s 2 and s 3 obtained from (1) for any parameter values in ε ≪ 1. We introduce the rescaled dimensionless variables τ ≡ t/t r , V ≡ V /V th and X ≡ X/V th t r to summarize the numerical experiments. The variables satisfy V = dX /dτ . Here, t r = M/γ 0 from (7), V th ≡ k B T /M is the effective thermal velocity and V th t r is the characteristic length scale. The probability density of X and V at τ , P(X , V, τ ), is given by P(X , V, τ ) = P (X, V, t) dX dX dV dV dt dτ . Then, using these new variables, (6) is rewritten as [36] . Figure 3 shows the numerical results of (∆X t ) 3 c /t for 0.032 ≤ ε ≤ 0.141 and 0 ≤ δ ≤ 1 as the parameters M , m, p, T L and T R are changed. S = 1 without loss of generality. It is remarkable that all the data are collapsed in a line. Thus, once we obtain the scaling of (∆X τ ) n c /τ for ε and g 1 , we can determine the value of s n for any parameters. Note that these results depend only on ε and g 1 consistently with the parameters of (9) without O(ε 2 ) and validate neglecting the contribution of O(ε 2 ) in (9) for ε ≪ 1. Rewriting the above fittings in dimensional form, we have estimates of
Discussion: In an equilibrium system, when the stationary distribution of V is P (V ) =
2kBT , a multiplicative Langevin equation for V is generally given by
where ⊙ denotes the anti-Itô product. The nonlinear friction coefficient γ eq (V ) is limited to the time-symmetric form, i.e., γ eq (V ) = γ eq (−V ), when the detailed balance condition or time-reversibility is imposed [40, 41] . To compare the Langevin equation (4) with the standard form (13), we change the product of (4) from Itô to antiItô. We obtain
which is essentially different from the standard form (13) in two aspects: the constant force term ε 2 δpS and the time-irreversibility of the friction coefficient, γ(V ) = γ(−V ).
We notice that the effective Langevin equation looks similar to (13) by adding a drift term −ε 2 δpS. Correspondingly, the piston with a constant force −ε 2 δpS stalls, exhibiting rather typical Brownian motion as shown in Fig. 4(a) . The statistical average in Fig. 4(b) indicates V = 0 as expected. In this sense, ε 2 δpS in (14) may be regarded as a force generated by the temperature difference.
Even in the stalled state, the dynamics of the piston are not equivalent to Brownian motion satisfying detailed balance as in (13) , because the third cumulant (∆X t ) 3 c is scaled in the same manner with (12); see Fig. 4(c) . Such a non-Gaussian nature is due to the time-asymmetric friction coefficient γ(V ) = γ(−V ). This leads to a breaking of the detailed balance; moreover, it leads to the divergence of the entropy production defined by a log-ratio of the weight for a trajectory and its time reverse. Thus, (4) can reproduce the long-term fluctuations, but we need another viewpoint to investigate the thermodynamical properties of (1) .
As far as we know, the Langevin equation (4) with the velocity-dependent friction coefficient breaking the timereversibility, γ(V ) = γ(−V ), has not appeared so far. We wonder if such a mechanism, i.e., the time asymmetry of the friction coefficient generating an apparent force, occurs in a large variety of cases of directional Brownian motion in nature. We hope that the present experimental analysis is relevant to the time series of various cases of directional Brownian motion. The most important point is to determine the dependence of the third cumulant for the displacement as a function of the observation time interval. Once we obtain this dependence, the friction coefficients may be deduced heuristically. In what follows, we try to propose a scheme to deduce the friction coefficients and Langevin equations. Suppose M and T are known from other experiments. First, we assume the form of the Langevin equation as
that is, we assume a fluctuation-dissipation-like theorem holds even in nonequilibrium. In (15), we adopted the Itô product without loss of generality, because the change in the product only generates a constant force absorbed into f . Next, we calculate the cumulants of the displacement for a time interval t by solving (15) analytically or numerically for various γ 1 and f and denote the cumulants as (∆X t ) n γ1,f c , specifying γ 1 and f in (15) . Finally, we obtain simultaneous equations for γ 1 and f such that
where s n is the value of the slope in (3) determined from the experiments. By solving these equations, we arrive at estimates for γ 1 and f . If the simultaneous equations (16) do not have a solution, the time sequence may not be explained by (4) or (15) 
DERIVATIONS OF (6) AND (9)
Applying the Kramers-Moyal expansion to the master-Boltzmann equation (1), we obtain ∂P (X, V, t) ∂t
By rescaling the variables as t → τ , X → X , and V → V as explained in the paragraph involving (9) 
We further transform the integral of (S2) as 
Substituting these evaluations into (S2), we obtain (9) , that is
εV VP(X , V, τ )
The transformation of (S10) into the dimensional form leads to (6) .
